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Abstract. We derive a branch-and-boundalgorithmto �nd anoptimal inversion
medianof threesignedpermutations.The algorithmprunesto manageablesize
anextremelylargesearchtreeusingsimplegeometricpropertiesof theproblem
andanewly availablelinear-timeroutinefor inversiondistance.Ourexperiments
on simulateddatasetsindicatethat thealgorithm�nds optimal mediansin rea-
sonabletime for genomesof mediumsizewhendistancesarenot too large,as
commonlyoccursin phylogeny reconstruction.In addition,we have compared
inversionand breakpointmedians,and found that inversionmediansgenerally
scoresigni�cantly betterand tend to be far more unique,which shouldmake
themvaluablein median-basedtree-building algorithms.

1 Intr oduction

Dobzhansky andSturtevant [7] �rst proposedusing the degreeto which geneorders
differ betweenspeciesasanindicatorof evolutionarydistancethatcouldbeusefulfor
phylogeneticinference,andWattersonet al. [23] �rst proposedtheminimumnumber
of chromosomalinversionsnecessaryto transformoneorderinginto anotherasanap-
propriatedistancemetric. The 1992studyby Sankoff et al. [21] includeda heuristic
algorithmfor �nding rearrangementdistance(which consideredtranspositions,inser-
tions,anddeletions,aswell asinversions);it wasthe �rst large-scaleapplicationand
experimentalvalidationof rearrangement-basedtechniquesfor phylogeneticpurposes
andinitiatedwhatis now nearlyadecadeof intenseinterestin computationalproblems
relatingto genomerearrangement(seesummariesin [16,19,22]).

Whilemuchof theattentiongivento rearrangementproblemsmaybedueto their in-
triguingcombinatorialproperties,rearrangement-basedapproachesto phylogeneticin-
ferenceareof genuinebiologicalinterestin casesin whichsequence-basedapproaches
performpoorly, suchaswhenspeciesdivergedearlyor arerapidlyevolving [16]. In ad-
dition, rearrangement-basedphylogeneticmethodscansuggestprobablegeneorderings
of ancestralspecies[17,18], while othermethodscannot.Furthermore,mathematical
modelsof genomerearrangementhaveapplicationsbeyondphylogeny (see[8,20]).



Recentwork on rearrangementdistanceand sorting by inversions(or reversals,
as they are often called in computerscience)has produceda duality theoremand
polynomial-timealgorithm for inversiondistancebetweentwo signedpermutations
[10], a duality theoremandpolynomial-timealgorithmfor distancein termsof equally
weightedtranslocationsandinversionsfor signedpermutations[11], polynomial-time
algorithmsfor sortingby reversals[2, 12],andalinear-timealgorithmfor computingin-
versiondistances[1]. Notethat“signedpermutations”correspondto genomesfor which
thedirectionof transcriptionof eachgeneis known aswell astheorderingof thegenes.

Much recentwork on rearrangement-basedphylogeny [5,6,14,15,18] stemsfrom
an algorithmby Sankoff andBlanchette[17] that iteratesover a prospective tree,re-
peatedly�nds mediansof the threepermutationsadjacentto eachinternalvertex, and
usesthemto improve the treeuntil convergenceoccurs.This method�nds locally op-
timal treesandsimultaneouslyallows an estimationof thecon�gurationsof ancestral
genomes.Thesestudieshavegenerallyusedbreakpointdistanceasthebasisfor �nding
medians,becauseit is moreeasilycomputablethaninversiondistance,it assumesno
particularmechanismof rearrangement,andthe problemof �nding a breakpointme-
dian hasa straightforward reductionto the well known Travelling SalesmanProblem
(TSP)[17]. Thenumberof breakpointsbetweentwo genomesis thenumberof genes
that areadjacentin onebut not the othergenome;the breakpointmedianof a setof
genomesis theorderingof genesthatminimizesthesumof thenumberof breakpoints
with respectto eachgenomein theset.

Breakpointdistanceis relatedto inversiondistance(aninversioncanremoveatmost
two breakpoints)but the relationshipis a looseone.Becauseit is believed that inver-
sionsaretheprimarymechanismof genomerearrangementfor many taxa[13,3], we
seeka solutionto themedianproblembaseddirectly on inversiondistance.Findingan
inversion medianis known to be NP-hard[4], andto date,no onehasreporteda rea-
sonablyef�cient algorithm(approximateor exact) for this problem.(Although in one
study[9], inversionmedianswereobtainedfor a particulardatasetusinga bounded
exhaustivesearch.)

In thispaper, wepresentasimpleyeteffectivebranch-and-boundalgorithmto solve
themedianof threeproblemexactly. Our approachdoesnot dependon propertiesspe-
ci�c to inversions,but canbeusedwith any rapidlycomputablemetric.We haveevalu-
atedits effectivenessfor thecaseof inversionmedians,andfoundthatit obtainsoptimal
medianswith reasonablecomputationaleffort for a rangeof parametersthat include
mostrealisticinstancesencounteredin phylogeneticanalysis.In addition,wehaveper-
formeda comparisonof inversionandbreakpointmedians,and found that inversion
mediansscoresigni�cantly betterin termsof total inducededgelength,andtendto be
far moreunique.These�ndings suggestthat inversionmedians,whenusedwithin the
algorithmof Sankoff andBlanchette,will allow bettertreesto be computedin fewer
iterations.

2 Notation and De�nitions

We considerthe casewhereall genomeshave identical setsof n genesand inver-
sion is the single mechanismof rearrangement.We representeachgenomeGi as a



permutation� i of size n, and we let all pairs of genomesGi = (gi; 1 : : : gi;n ) and
Gj = (gj; 1 : : : gj;n ), in a setof genomesG, berepresentedby � i = (� i; 1 : : : � i;n ) and
� j = (� j; 1 : : : � j;n ) suchthat� i;k = � j;l if f Gi;k = Gj;l , and� i;k = � 1 � � j;l if f Gi;k

is thereversecomplementof Gj;l .
Wede�ne aninversionactingonpermutation� from i to j , for i � j , asthatopera-

tion which transforms� into � = (� 1; � 2; : : : ; � i � 1; � � j ; � � j � 1; : : : ; � � i ; � j +1 ; : : : ;
� n ). The minimal numberof inversionsrequiredto changeone permutation� i into
anotherpermutation� j is theinversiondistance, whichwe denoteby d(� i ; � j ) (some-
timesabbreviatedasdi;j ).

Let theinversionmedianM of a setof N permutations� = f � 1; � 2; : : : ; � N g be
thesignedpermutationthatminimizesthesumS(M ; � ) =

P N
i =1 d(M ; � i )) . Let this

sumS(M ; � ) = S(� ) becalledthemedianscore of M with respectto � .
For a givennumberof genesn, wecanconstructanundirectedgraphGn = (V; E)

suchthateachvertex in V correspondsto a signedpermutationof sizen andtwo ver-
ticesareconnectedby an edgeif andonly if oneof the correspondingpermutations
canbe obtainedfrom the otherthrougha singleinversion;formally, E = ff vi ; vj g j
vi ; vj 2 V and d(� i ; � j ) = 1g. We will call Gn the inversion graph of size n. In
this graph,thedistancebetweenany two vertices,vi andvj , is thesameasthe inver-
sion distancebetweenthe correspondingpermutations,� i and� j . Furthermore,�nd-
ing the medianof a setof permutations� is equivalentto �nding the minimum un-
weightedSteinertreeof thecorrespondingverticesin Gn . Note thatGn is very large
(jV j = n! � 2n ), so this representationdoesnot immediatelysuggesta feasiblegraph-
searchalgorithm,evenfor smalln.

De�nition 1. A shortestpathbetweentwo permutationsof sizen, � 1 and� 2, is a con-
nectedsubgraphof theinversiongraphGn containingonly theverticesv1 andv2 cor-
respondingto � 1 and� 2, andtheverticesandedgeson a singleshortestpathbetween
v1 andv2.

De�nition 2. A medianpathof a setof permutations� each of sizen is a connected
subgraph in the inversion graph of Gn containingonly the verticescorrespondingto
permutationsin � , thevertex correspondingto a medianM of � , anda shortestpath
betweenM andeach � 2 � .

De�nition 3. A trivial medianof a set of permutations� is a medianM that is a
memberof thatset,M 2 � .

De�nition 4. A trivial medianpathof a setof permutations� is a medianpath that
includesonly theelementsof � andshortestpathsbetweenelementsof � .

3 GeneralMedian Bounds

Becausephylogeneticreconstructionalgorithmsgenerallywork with binary treesin
which eachinternalnodehasthreeneighbors,thespecialcaseof the medianof three
genomesis of particularinterest.In this sectionwe develop a generalboundfor the
median-of-threeproblem,one that reliesonly on the metric propertyof the distance
measureused.



Lemma 1. Themedianscore S(� ) of a setof equallysizedpermutations� = f � 1,
� 2; � 3g, separatedbypairwisedistancesd1;2; d1;3, andd2;3, obeysthesebounds:

�
d1;2 + d1;3 + d2;3

2

�
� S(� ) � min

�
(d1;2 + d2;3); (d1;2 + d1;3); (d2;3 + d1;3)

�

Proof. The upperboundfollows directly from thepossibility of a trivial median,and
thelowerboundfrom propertiesof metricspaces(amedianof lowerscorewouldneces-
sarilyviolatethetriangleinequalitywith respectto two of � 1, � 2; and� 3; seeFigure1).

v3

vM
d3;M

v1

d1;3

v2

d2;M

d1;2 d1;M

d2;3

Fig.1. Let verticesv1 , v2 , andv3 correspondto permutations� 1 , � 2 , and� 3 , andlet vertex vM

correspondto amedianM .

Lemma 2. If three permutations� 1; � 2, and � 3 havea medianM that is part of a
trivial medianpath,thenM mustbea trivial median.

Proof. Assumeto thecontrarythat� 1; � 2, and� 3 haveatrivial medianpathandhavea
medianM thatis not trivial. By De�nition 4,M mustbeonashortestpathbetweentwo
of � 1; � 2, and� 3. Without lossof generality, assumethatthemedianpathrunsfrom � 1

to M to � 2 to � 3. Let d1;2, d1;3, andd2;3 bethepairwisedistancesbetweenf � 1; � 2g,
f � 1; � 3g, andf � 2; � 3g, respectively, andlet dM ;2 > 0 be thedistanceof M from � 2.
Thenthemedianscoreof M is (d1;2 � dM ;2)+ dM ;2+ (dM ;2+ d2;3) = d1;2+ dM ;2+ d2;3.
But this scoreis greaterby dM ;2 thanthescoreof a trivial medianat � 2, soM cannot
bea median.

Theorem1. Let � 1, � 2, and � 3 be permutationssuch that � 2 and � 3 are separated
by distanced2;3, and let � be anotherpermutationseparatedfrom � 1, � 2, and � 3 by
distancesd1;� ; d2;� , andd3;� , respectively. Supposethat � is on a medianpathPM of
� 1, � 2, and� 3 such that � is ona shortestpathbetween� 1 anda medianM . Thenthe
score S(M ) of M obeysthesebounds:

d1;� +
�

d2;� + d3;� + d2;3

2

�
� S(M ) � d1;� +min

�
(d2;� + d2;3); (d2;� + d3;� ); (d2;3+ d3;� )
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Fig.2. A medianpathincludingv� canbe constructedusinga shortestpathfrom v1 to v� and
any medianpathof v� ; v2 , andv3 .

Proof. Let v1; v2; andv3 beverticescorrespondingto � 1, � 2, and� 3, in the inversion
graphof theappropriatesize.In addition,let therebeavertex v� correspondingto � , as
illustratedin Figure2. We claim thatamedianpathPM includingv� andM , suchthat
v� is ona shortestpathfrom v1 to M , canbeconstructedby combininga shortestpath
betweenv1 andv� anda medianpathof v� , v2, andv3. Assumeto the contrarythat
thereexistsa shortermedianpathPshor t , which alsoincludesv� andM , but doesnot
includetheshortestpathbetweenv1 andv� or doesnot includeamedianpathof v� ; v2,
andv3. Pshor t hasto includev1 via a vertex otherthanv� andconsequentlyotherthan
M (becausev� is on a shortestpathbetweenv1 andM ). By De�nition 2, Pshor t must
consistonly of v1; v2; v3; M , andverticesbetweenthem(includingv� ), sov1 mustbe
connectedto Pshor t via v2 or v3. Consequently, M mustbeona shortestpathbetween
v2 andv3; otherwiseincluding M in Pshor t would result in a scoregreaterthanthat
of a trivial median.Therefore,M is partof a trivial medianpath,which meansthatby
Lemma2, M is a trivial median.In particular, M mustbethevertex vi 2 f v2; v3g to
whichv1 is connected.Furthermore,ourassumptionsabout� requirethatv� beon the
shortestpathbetweenv1 andvi . ThenPshor t includesboththeshortestpathbetweenv1

andv� andthemedianpathof v� ; v2, andv3, andweobtainthedesiredcontradiction.
BecausePM canbeconstructedby combininga shortestpathbetweenv1 andv� ,

anda medianpathof v� ; v2, andv3, its scoreis equivalentto thesumof thedistance
betweenv1 andv� (d1;� ), andthescoreof themedianof v� ; v2, andv3. By applying
Lemma1 to thelatter, we obtainthedesiredbound.

4 The Algorithm

Algorithm find inversion median is presentedbelow. It is essentiallya branch-
and-boundsearchfor anoptimalinversionmedianthatusesTheorem1 to pruneasearch
treebasedon theinversiongraphandto prioritizeamongsearchbranches.

Prioritizationis managedusinga priority stack—which alwaysreturnsan item of
highestpriority, but returnsitemsof equalpriority in last-in-�r st-outorder. Because
the rangeof possiblepriorities is small,we usea �x ed arrayof priority values,each
pointingto a stackandsocanexecutepush andpop operationsin fastconstanttime.
Usingstacksratherthanthemoreconventionalqueuesin thisapplicationis notrequired



for correctness,but, by inducingdepth-�rst searchingamongalternativesof equalcost,
rapidlyproducesa goodupperboundfor thesearch.

Thealgorithmbeginsby establishingupperandlowerboundsfor thesolutionusing
Lemma1 (steps1 and2) andprimingthepriority stackwith abest-scoringvertex (steps
3 and4). Then it entersa main loop (step6) in which it repeatedlypops the “most
promising” vertex from the priority stack,�nds all of its as-yet-unvisited neighbors
(step8), andevaluateseachonefor feasibility. Neighborsareobtainedby generating
all

� n
2

�
possiblepermutationsthatcanbeproducedfrom a vertex by a singleinversion.

Neighborsof a vertex v can be ignoredif they are not fartherfrom the origin than
is v (step9); suchverticeswill beexaminedasneighborsof anothervertex if they can
feasiblybelongto amedianpath.Thebestpossiblescore(i.e.,lowerbound)for avertex
w is is usedasthebasisfor prioritization.Bestandworstpossiblescoresarecalculated
usingtheboundsof Theorem1 (steps10and11)andmaintainedfor all verticespresent
in thepriority stack.Verticescanbeprunedwhentheir bestpossiblescoresexceedthe
currentglobalupperbound.Theglobalupperboundcanbe loweredwhena vertex is
found that hasa lesserupperbound(step13). The searchendswhenno vertex in the
queuehasa best-possiblescorelower thantheupperbound(step7) or a scoreequalto
thegloballowerboundis found(step12).

Thealgorithmwill returnapermutationM only if M is a truemedianof theinputs
� 1; � 2, and� 3. Assumeto thecontrarythatapermutationM 0 returnedby thealgorithm
is not a truemedian.Becausethealgorithmreturnsthepermutationhaving the lowest
medianscoreof all of thepermutations(vertices)it visits (steps5 and13), it mustnot
have visited somemedian.If the algorithmdid not visit somemedian,theneither it
prunedall pathsto mediansor it exitedbeforereachingany median.

Supposethe algorithmprunedall pathsto medians.It only prunesverticeswhen
their bestpossiblescoresarelower thanthecurrentglobalupperbound,M max . Note
that theglobalupperboundalwayscorrespondsto theactualmedianscoreof a vertex
that hasbeenvisited (steps2 and13), so it cannotbe wrong.Considera medianM
with at leastonemedianpathPM . By De�nition 2, PM mustincludeat leastonepath
betweenM andeachof the verticesv1; v2, andv3 correspondingto � 1; � 2, and � 3.
The algorithm proceedsby examining neighborsof an origin  or ig 2 f � 1; � 2; � 3g.
Therefore,if thealgorithmprunedall pathsto M , thenit musthavepruneda vertex on
thepathbetween or ig andM . But thebestscoresof suchverticesarecalculatedusing
thelowerboundof Theorem1 (step10),whichwehaveshown to becorrect.Therefore,
thealgorithmcannothaveprunedtheshortestpathsto medians.

Supposeinsteadthatthealgorithmexited beforereachinga median.Thealgorithm
canexit for oneof threereasons:

1. Thepriority stacks becomesempty(step6);
2. Thenext itemreturnedfrom s hasabestpossiblescoregreaterthanor equalto the

currentglobalupperbound(step7);
3. A vertex w is found with a worst possiblescoreequalto the global lower bound

(step12);

Case1 canoccuronly if all verticeshave beenvisited, or if all remainingneighbors
have beenpruned(becauseexceptwhenthe algorithmstopsfor anotherreason,each
new neighboris eitherprunedor pushedontos). If all verticeshave beenvisited,then



Algorithm 1: �nd inversionmedian

Input : Threesignedpermutationsof sizen: � 1 , � 2 , and� 3 . Assumea function dis-
tance( � i ; � j ) that returnsthe inversiondistancebetween� i and� j in linear
time.

Output : An optimalinversionmedianM .
begin

d1;2  distance( � 1; � 2) ;
d1;3  distance( � 1; � 3) ;
d2;3  distance( � 2; � 3) ;

1 M min  dd1; 2 + d1; 3 + d2; 3
2 e;

2 M max  minf (d1;2 + d2;3); (d1;2 + d1;3); (d2;3 + d1;3)g;
Initialize priority stack s for rangeM min to M max ;
( or ig ;  1 ;  2)  (� i ; � j ; � k ) suchthatf � i ; � j ; � k g = f � 1 ; � 2 ; � 3g and
di;j + di;k = M min ;

3 createvertex v with vlabel =  or ig , vdist = 0, vbest = M min , vw or st = M max ;
4 push( s,v) ;
5 M   or ig ;

dsep  d 1 ; 2 ;
stop  false;

6 while s is notemptyandstop= false do
pop( s,v) ;

7 if vbest � M max then stop  true ;
else

8 foreachf w j w is anunmarkedneighborof vg do
wdist  distance( wlabel ;  or ig ) ;

9 if wdist � vdist then continue;
markw;
d 1  distance( wlabel ;  1) ;
d 2  distance( wlabel ;  2) ;

10 wbest  wdist + d
d  1

+ d  2
+ dsep

2 e;
11 ww or st  wdist + minf (d 1 + dsep ); (d 1 + d 2 ); (dsep + d 2 )g;
12 if ww or st = M min then M  wlabel ; stop true ;

else
if wbest < M max then push( s; w; wbest ) ;

13 if ww or st < M max then
M  wlabel ; M max  ww or st ;

end



a medianmusthave beenvisited.We have shown above thatall neighborson pathsto
a mediancannothave beenpruned.Becauses alwaysreturnsa vertex v suchthat no
othervertex in s hasa lower best-possiblescorethanv, andbecauseall neighborsthat
arenot prunedareaddedto s, case2 canonly occurif a medianhasbeenvisitedor if
all pathsto medianshavebeenpruned.Wehaveshown thatall pathsto medianscannot
havebeenpruned.Therefore,if case2 occurs,amedianmusthavebeenvisited.In case
3, w mustbeamedian,sincethegloballowerboundis setdirectlyaccordingto Lemma
1 (step1), whichwehaveshown to becorrect.

Thus,noneof thesethreecasescan arisebeforea medianhasbeenfound, and
the algorithmmustreturna median.The worst-caserunningtime of the algorithmis
O(n3d), with d = minf d1;2; d2;3; d1;3g, but aswould beexpectedwith a branch-and-
boundalgorithm,theaveragerunningtimeappearsto bemuchbetter.

5 Experimental Method

We implementedfind inversion median in C, reusingthe linear-time distance
routine(aswell assomeauxiliarycode)from GRAPPA[1], andweevaluatedits perfor-
manceon simulateddata.All testdatawasgeneratedby a simpleprogramthatcreates
multiple setsof threepermutationsby applyingrandominversionsto the identity per-
mutation,suchthateachsetof threepermutationsrepresentsthreetaxaderivedfrom a
commonancestorunderaninversions-onlymodelof evolution. In additionto thenum-
ber of genesn to model and the numberof setss to create,this programacceptsa
parameteri thatdetermineshow many randominversionsto applyin obtainingtheper-
mutationfor eachtaxon.Thus,if n = 100, i = 10, ands = 10, theprogramgenerates
10setsof 3 signedpermutations,eachof size100,andobtainseachpermutationby ap-
plying 10randominversionsto thepermutation+1 ; +2 ; : : : ; +100. A randominversion
is de�ned asaninversionbetweentwo randompositionsi andj suchthat1 � i; j � n
(if i = j , a singlegenesimply changesits sign).Wheni is smallcomparedto n, each
permutationin a settendsto bea distanceof 2i from eachother.

We usedseveral algorithmicengineeringtechniquesto improve the ef�ciency of
find inversion median . For example,we avoideddynamicmemoryallocation
and reusedrecordsrepresentinggraph vertices.We were able to gain a signi�cant
speedupby optimizingthehashtableusedfor markingvertices:acustomhashtableof-
feredafourfold increasein theoverallspeedof theprogram,ascomparedwith UNIX' s
db implementation.With circulargenomes,we achieveda furtherimprovementin per-
formanceby hashingon the circular identity of eachpermutationratherthanon the
permutationitself. We de�ne the circular identity of a permutationasthat equivalent
permutationthat begins with the genelabeled+1 . By hashingon circular identities,
we reducedthenumberof verticesto visit andthenumberof permutationsto markby
approximatelya factorof 2n.

To improve performancefurther, we adaptedour sequentialimplementationto run
in parallelonshared-memoryarchitectures.Two stepsin thealgorithmarereadilyparal-
lelizable:themajorloop(step6), duringeachiterationof whichanew vertex is popped
from the priority stack,andthe minor loop (step8), in which the neighborsof a ver-
tex v aregenerated,examinedfor marks,andevaluatedfor feasibility asmedians.We



enabledparallelprocessingat both levels,usingpthreads for maximumportability
acrossshared-memoryarchitectures.With carefuluseof semaphoresandpthreads
mutex functions,we wereableto reducethecostof synchronizationamongthreadsto
anacceptablelevel.

6 Experimental Results

6.1 Performanceof Bounds

Beingespeciallyconcernedwith theeffectivenessof thepruningstrategy, wehavecho-
senasa measureof performancethenumberof verticesV of the inversiongraphthat
the algorithmvisited. In particular, we have taken V to be the numberof times the
programexecutedthe loop at step8 of thealgorithm.Notethat thenumberof calls to
distance is approximately3V. We recordedthedistribution of V overmany exper-
iments,in which we usedvariousvaluesfor thenumberof genesn andthenumberof
inversionspertreeedgei . Figure3 is typical of our results.It summarizes500experi-
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Fig.3.Distributionof thenumberof verticesvisitedin thecourseof 500experimentswith n = 50
andi = 7.

mentswith n = 50 andi = 7 andshows a roughlyexponentialdistribution,with high
relativefrequenciesin afew intervalshaving smallV : in 87%of theexperiments,fewer
than10,000verticeswerevisited,andin 95%,fewerthan20,000werevisited.This �g-
uredemonstratesthat thealgorithmgenerally�nds a medianrapidly, but occasionally
becomesmired in an unpro�table region of the searchspace.We have observed that
thetail of theexponentialdistribution becomesmoresubstantialasi grows largerwith
respectto n.

In order to characterizetypical performance,we recordedthe statisticalmedians
of V asn andi variedindependently. The resultsareshown in Figures4 and5. For
comparison,we have alsoplottedthemeanvaluesof V . Note that,at leastfor i = 5,
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the medianand meanof V appearto grow quadraticallyover a signi�cant rangeof
valuesfor n; a simple�t yields f (n) = 2:1n2 for the medianvalues.Note alsothat,
for n = 50, themedianof V grows approximatelylinearly with i , at leastaslong asi
remainssmall(meanV growssomewhatfasterthanmedianV ). To puttheobservedrate
of growth into perspective, notethat in the theoreticalworst-caseof O(n3d), because
d � 2i andV = O( n 3d

n ) = O(n(6 i � 1) ), onewould see(given i = 5 andn = 50)
growth of V with n29 and506i � 1.

6.2 Running Time and Parallel Speedup

Wehavetestedprogramfind inversion median sequentiallyona700MHz Intel
PentiumIII with 128MB of memory, andusingvariouslevelsof parallelismon a Sun
E10000with 64 333 MHz UltraSPARC processorsand 64GB of memory. Figure 6
shows averagerunningtimesfor i = 5 andn between50 and125.Sequentialrunning
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Fig.6. Sequentialandparallelrunningtimesfor i = 5 andn 2 f 50; 75; 100; 125g. Eachdata
point representsan averagetaken over 10 experiments.Parallel con�gurationsusedparallelism
only in theminor loopof thealgorithm.

timesareshown for theSunandIntel processorsandparallelrunningtimesfor theSun
with the numberof processorsp 2 f 1; 2; 4; 6g. In all cases,the averagetime to �nd
a medianis about12 secondsor less.Observe that for n = 100 (a realisticsize for
chloroplastor mitochondrialgenomes)medianscangenerallybe found in an average
of about2 secondsusinga reasonablyfastcomputer. We shouldnotethat thememory
requirementsfor theprogramareconsiderable,andthatthelevel of performanceshown
hereis partlya consequenceof thelargeamountof RAM availableon theSun.

It is evidentfrom Figure6 thatwe achievea goodparallelspeedupfor smallp, but
that thebene�ts of parallelizationbegin to erodebetweenp = 4 andp = 6 (this ten-
dency becomesmorepronouncedatp = 8, whichwehavenotplottedherefor clarity of



presentation).Anecdotalevidencesuggeststhatthecauseof this trendis acombination
of the overheadof synchronizationanduneven load balancingamongthe computing
threads.We alsoobserved thatparallelismin the minor loop of the algorithmwasfar
moreeffective thanparallelismin themajorloop,presumablybecausetheheuristicfor
prioritizationis suf�ciently effective thatthelatterstrategy resultsin a largeamountof
unnecessarywork.

6.3 InversionMediansvs.Breakpoint Medians

Using programfind inversion median , we evaluatedthesigni�canceof inver-
sion medians,by comparingthemwith breakpointmedians,trivial medians,and“ac-
tual” medians(i.e.,theancestralpermutationsfromwhichobservedtaxaactuallyarose—
in this case,alwaysequalto the identity permutation).Figure7, which shows results
over 1 � i � 5 for n = 25, is typical of what we observed. It demonstratesthat
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Fig.7. Comparisonof inversionmedianswith breakpointmedians,trivial medians,andactual
medians,for n = 25. Averagesweretakenover 50 experiments.

inversionmediansachieve comparablescoresto actualmedians1 andthat breakpoint
medians,whenscoredin termsof inversiondistance,performsigni�cantly worse.A
comparisonin termsof inversionmedianscoresis clearlybiasedin favor of inversion
medians;however, if it is truethatinversiondistancesare(in at leastsomecases)more
meaningfulthanbreakpointdistances,thentheseresultssuggestthatinversionmedians
areworth obtaining.

We useda slight modei�cation of programfind inversion median to �nd
all optimalmediansandthusto characterizetheextentto which inversionmediansare
unique.An exampleof our resultsis shown in Figure8, which describesthe number

1 Inversionmediansareslightly betterthanactualmedianswheni becomeslargewith respect
to n, becausesaturationbeginsto causeconvergencebetweentaxa.



Fig.8. Distribution of numberof optimal mediansin the courseof 50 experimentsfor n = 15
and1 � i � 5.

of optimal inversionmediansfor n = 15 and1 � i � 5, over 50 experimentsfor
eachvalueof i . Observe that,wheni is smallcomparedto n (roughly i � 0:15n), the
inversionmedianis virtually alwaysunique;andevenwheni is moderatelylargewith
respectto n (roughly 0:15n < i � 0:3n)2, the inversionmedianis uniqueor nearly
uniquemostof thetime.This �nding standsin starkcontrastwith breakpointmedians,
whichareonly very rarelyunique.

In addition,we observed a strongrelationshipbetweenuniqueinversionmedians
and actualmedians.For example,with n = 15 and i = 1, for which all inversion
medianswereunique,49outof 50 inversionmedianswereidenticalto actualmedians;
similarly, for n = 15 and i = 2, 48 out of 50 were identical to actualmedians(in
bothcasestheexceptionalinversionmediansdifferedfrom actualmediansby a single
inversion).As i becomesgreatercomparedto n, this relationshipweakensbut remains
signi�cant. For example,with n = 15 and i = 4, 38 out of 50 inversionmedians
were unique,and 22 of those38 were identical to actualmedians(an additional10
non-uniqueinversionmediansequaledactualmedians).

7 Future Work

Thestrengthandweaknessof thecurrentalgorithmbothlie in its generality. Ontheone
hand,our approachdependsonly on elementarypropertiesof metric spacesandthus

2 Recall that the distancebetweenpermutationsis approximately2i and that randompermu-
tationstend to be separatedby a distanceof approximatelyn. The effectsof saturationare
evidentat i = 0:2n andarepronouncedat i = 0:3n.



extendseasilyto thecaseof equallyweightedinversions,translocations,�ssions, and
fusions;furthermore,it couldalsobeusedwith weightedrearrangementdistances.(One
shouldnote,however, thattherunningtime is adirectfunctionof thecostof evaluating
distances;we cancomputeexact breakpointand inversiondistances,but no ef�cient
algorithmis yet known for morecomplex distancecomputations.)On theotherhand,
our approachfails to exploit the uniquestructureof the inversionproblem;asshown
elsewherein thisvolumeby A. Caprara,restrictingthealgorithmto inversiondistances
only and using aspectsof the Hannenhalli-Pevzner theory enablesthe derivation of
tighter boundsandthusalsothe solutionof somewhat larger instancesof the median
problem.

Thereare many simple changesto our current implementationthat will consid-
erably reducethe running time. For example, the current implementationdoesnot
“condense”genomesbeforeprocessingthem—i.e.,it doesnotconvertsubsequencesof
genessharedamongall threegenomesto single“supergenes”.Preliminaryexperiments
indicatethatcondensinggenomesyieldsverysigni�cant improvementsin performance
when i is small relative to n. Distancecomputationsthemselves,while alreadyfast,
canbe further improvedby reusingpreviouscomputations,sincea move by thealgo-
rithm makesonly minimalchangesto thecandidatepermutation.By usingtheKaplan-
Shamir-Tarjanalgorithmwith two permutations,wecanreachef�ciently apermutation
on theshortestpathbetweenthetwo; combiningthis ability with metricpropertiesal-
lowsusto derivebetterinitial solutions,which in turnconsiderablydecreasethesearch
spaceto beexplored.
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