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Abstract. We derive abranch-and-boundigorithmto nd anoptimalinversion
medianof threesignedpermutationsThe algorithm prunesto manageablasize
anextremelylarge searchtreeusingsimple geometricpropertiesof the problem
andanewly availablelineartime routinefor inversiondistance Our experiments
on simulateddatasetsindicatethat the algorithm nds optimal mediansin rea-
sonabletime for genomeof mediumsize when distancesare not too large, as

commonlyoccursin phylogely reconstructionln addition,we have compared
inversionand breakpointmedians,and found that inversionmediansgenerally
scoresigni cantly betterandtendto be far more unique,which should malke

themvaluablein median-basettee-huilding algorithms.

1 Intr oduction

Dobzhansl and Sturtevant[7] rst proposedusingthe degreeto which geneorders
differ betweerspeciesaasanindicatorof evolutionarydistancehat could be usefulfor
phylogenetidnference andWattersoret al. [23] rst proposedhe minimum number
of chromosomainversionsnecessaryo transformoneorderinginto anotherasan ap-
propriatedistancemetric. The 1992 study by Sanloff et al. [21] includeda heuristic
algorithmfor nding rearrangemendistance(which consideredranspositionsinser
tions,anddeletions,aswell asinversions);it wasthe rst large-scaleapplicationand
experimentalvalidationof rearrangement-baséechniquedor phylogenetigpurposes
andinitiatedwhatis now nearlya decadeof intenseinterestin computationaproblems
relatingto genomeearrangemer{seesummariesn [16,19,22]).

While muchof theattentiongivento rearrangemermiroblemsmaybedueto theirin-
triguing combinatorialpropertiesrearrangement-basegproacheo phylogenetidn-
ferenceareof genuinebiologicalinterestin casesn which sequence-basegproaches
performpoorly, suchaswhenspecieslivergedearlyor arerapidly evolving [16]. In ad-
dition, rearrangement-basetlylogenetianethodsansuggesprobablegeneorderings
of ancestrabpecieq17,18], while other methodscannot.Furthermoremathematical
modelsof genomeaearrangemertave applicationsdbeyond phylogetry (se€[8, 20]).



Recentwork on rearrangemendistanceand sorting by inversions(or reversals
as they are often called in computerscience)has produceda duality theoremand
polynomial-timealgorithm for inversiondistancebetweentwo signed permutations
[10], a duality theoremandpolynomial-timealgorithmfor distancen termsof equally
weightedtranslocationandinversionsfor signedpermutationg11], polynomial-time
algorithmsfor sortingby reversald2, 12], andalineartime algorithmfor computingn-
versiondistance$l]. Notethat“signedpermutationstorrespondo genomegor which
thedirectionof transcriptiorof eachgeneis known aswell astheorderingof thegenes.

Much recentwork on rearrangement-basexthylogery [5, 6,14,15,18] stemsfrom
an algorithmby Sanloff and Blanchette[17] that iteratesover a prospectie tree, re-
peatedly nds mediansof the threepermutationsadjacento eachinternalvertex, and
usesthemto improve the treeuntil corvergenceoccurs.This method nds locally op-
timal treesand simultaneoushallows an estimationof the con gurationsof ancestral
genomesThesestudieshave generallyusedbreakpointdistanceasthe basisfor nding
mediansbecauset is more easily computablethaninversiondistancejt assumeso
particularmechanisnof rearrangementaindthe problemof nding a breakpointme-
dian hasa straightforvard reductionto the well known Travelling SalesmarProblem
(TSP)[17]. The numberof breakpointdetweenwo genomess the numberof genes
that are adjacentin one but not the other genomethe breakpointmedianof a set of
genomess the orderingof geneghatminimizesthe sumof the numberof breakpoints
with respecto eachgenomen the set.

Breakpoindistances relatedo inversiondistancganinversioncanremoseatmost
two breakpointshut the relationshipis a looseone.Becausét is believed thatinver-
sionsarethe primary mechanisnof genomerearrangemerfor mary taxa[13, 3], we
seeka solutionto the medianproblembasedirectly oninversiondistance Findingan
inversion medianis known to be NP-hard[4], andto date,no one hasreporteda rea-
sonablyef cient algorithm (approximateor exact) for this problem.(Althoughin one
study[9], inversionmedianswere obtainedfor a particulardatasetusinga bounded
exhaustve search.)

In this paperwe presentaisimpleyet effective branch-and-bounadlgorithmto solve
the medianof threeproblemexactly. Our approactdoesnot dependon propertiespe-
ci ¢ toinversionsput canbe usedwith ary rapidly computablemetric. We have evalu-
atedits effectivenesgor thecaseof inversionmediansandfoundthatit obtainsoptimal
medianswith reasonableomputationakffort for a rangeof parametersghat include
mostrealisticinstancegncountereéh phylogenetianalysisin addition,we have per
formeda comparisorof inversionand breakpointmedians,and found that inversion
mediansscoresigni cantly betterin termsof totalinducededgelength,andtendto be
far moreunique.These ndings suggesthatinversionmedianswhenusedwithin the
algorithmof Sanloff and Blanchettewill allow bettertreesto be computedin fewer
iterations.

2 Notation and De nitions

We considerthe casewhere all genomeshave identical setsof n genesand inver
sion is the single mechanisnof rearrangement\e represeneachgenomeG; asa



permutation ; of sizen, andwe let all pairsof genomesG; = (gi.1:::0:n) and

Gj = (g;1:::9:n ), in asetof genomess, berepresentetdy i = ( i;1::: in) and
j = ( 150 g ) suchthat x = il iff Gix = Gj ,and i = 1 il iff Gix
is thereversecomplemenbf Gj; .
We de ne aninversionactingon permutation fromitoj,fori j,asthatopera-
tionwhichtransforms into = ( 1; 2;:055 0 1§ Liti 0 jeisiii
n). The minimal numberof inversionsrequiredto changeone permutation ; into
anothempermutation ; is theinversiondistance whichwe denoteby d( i; ;) (some-
timesabbreviatedasd;; ).
LettheinversionmedianM of asetof N permutations = f 1; 2;:::; ngbe
the signedpermutatiorthat minimizesthesumS(M; ) = = L, d(M; ;)). Let this

sumS(M; )= S( ) becalledthemedianscore of M with respecto

For agivennumberof genes, we canconstructanundirectedgraphG,, = (V; E)
suchthateachvertex in V correspondso a signedpermutatiorof sizen andtwo ver
ticesare connectedby an edgeif andonly if one of the correspondingpermutations
canbe obtainedfrom the otherthrougha singleinversion;formally, E = ff vi;vjg j
vi;v; 2 Vandd( i; j) = 1g. We will call G, the inversion graph of sizen. In
this graph,the distancebetweenary two vertices,v; andv;, is the sameastheinver-
sion distancebetweenthe correspondingermutations, ; and ;. Furthermore,nd-
ing the medianof a setof permutations is equivalentto nding the minimum un-
weightedSteinertree of the correspondingerticesin G, . NotethatG,, is very large
(jVj = n! 2"), sothis representationoesnot immediatelysuggest feasiblegraph-
searchalgorithm,evenfor smalin.

De nition 1. A shortespathbetweenwo permutationof sizen, ; and », isacon-
nectedsubgaphof theinversiongraph G, containingonly the verticesv, andv, cor-

respondingo ; and », andtheverticesandedgeson a singleshortestpathbetween
vy andvs.

De nition 2. A medianpathof a setof permutations ead of sizen is a connected
subgaphin theinversion graph of G, containingonly the verticescorrespondingo
permutationsn , thevertex correspondingo a medianM of , anda shortestpath
betweerM andeach 2

De nition 3. A trivial medianof a setof permutations is a medianM thatis a
membeiof thatset,M 2

De nition 4. A trivial medianpathof a setof permutations is a medianpath that
includesonlytheelementof andshortespathsbetweerelement®of

3 General Median Bounds

Becausephylogeneticreconstructioralgorithmsgenerallywork with binary treesin
which eachinternalnodehasthreeneighborsthe specialcaseof the medianof three
genomess of particularinterest.In this sectionwe develop a generalboundfor the
median-of-thregoroblem,one that relies only on the metric propertyof the distance
measuraised.



Lemmal. Themedianscoe S( ) of a setof equallysizedpermutations = f ;,
2; 30, sepaatedby pairwisedistancesl;.»; di.3, andds.3, obeysthesebounds:

dio + dyjz + do3

> S( ) min (di2+ d2:3);(dy;2 + di;3); (do:z + di:3)

Proof. The upperboundfollows directly from the possibility of a trivial median,and
thelowerboundfrom propertieof metricspacegamedianof lowerscorewould neces-
sarily violatethetriangleinequalitywith respectotwo of 3, »;and 3;seeFigurel).
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Fig. 1. Let verticesvy, V2, andvs correspondo permutations 1, 2, and 3, andlet vertex v
correspondo amedianM .

Lemma 2. If three permutations 1; », and 3 havea medianM that is part of a
trivial medianpath,thenM mustbea trivial median.

Proof. Assumetothecontrarythat 1; »,and 3 haveatrivial medianpathandhavea
medianM thatis nottrivial. By De nition 4, M mustbeonashortespathbetweertwo

of 1; 2,and 3. Withoutlossof generalityassuméhatthe medianpathrunsfrom ;

toM to ,to 3.Letd;.,, d;.3, andd,.3 bethe pairwisedistancedetweerf ;; »g,

f 1; 30, andf ,; 30, respectiely, andletdy .2 > O bethedistanceof M from ».

Thenthemedianscoreof M is (dl;z dwu ;2)+ dm 2t (dM 2t d2;3) = d1;2+ dwu 2t d2;3.

But this scoreis greaterby dy -2 thanthe scoreof atrivial medianat ,, soM cannot
beamedian.

Theorem1. Let i1, 2, and 3 bepermutationssuch that , and 3 are sepaated
by distanced,.3, andlet be anotherpermutationsepaatedfrom 1, ,and 3 by
distanced;. ;d,. ,andds. , respectivelySupposéhat is ona medianpathPy of

1, 2,and 3 sudithat isonashortesipathbetween ; anda medianM . Thenthe
scoke S(M ) of M obeysthesebounds:

d; + d3; + da3
2

di; +

S(M) dy; +min (dp; +dz;3);(dp; +d3; );(d23+ds; )
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Fig. 2. A medianpathincludingv canbe constructedisinga shortesipathfromv; tov and
ary medianpathof v ; vz, andvs.

Proof. Letvs;Vvy; andvs beverticescorrespondingo 1, 2, and gz, in theinversion
graphof theappropriatesize.In addition,let therebeavertex v correspondingo , as
illustratedin Figure2. We claim thata medianpathPy, includingv andM , suchthat
v isonashortespathfromv; to M, canbe constructedy combininga shortespath
betweenv; andv andamedianpathof v , v,, andvs. Assumeto the contrarythat
thereexists a shortermedianpathPspr , Which alsoincludesv andM , but doesnot
includetheshortespathbetweens; andv or doesnotincludeamedianpathofv ;v,,
andvs. Pshor ¢ hastoincludev; via avertex otherthanv andconsequentlyptherthan
M (because is onashortespathbetweenv; andM ). By De nition 2, Pgpor ¢ Must
consistonly of vi; v2; v3; M, andverticesbetweerthem(includingv ), sov; mustbe
connectedo Pspor ¢ Via vy oOr vz. ConsequentlyM mustbe onashortespathbetween
v, andvs; otherwiseincludingM in Pgnor ¢ Would resultin a scoregreaterthanthat
of atrivial median.ThereforeM is partof atrivial medianpath,which meanghatby
Lemma2, M is atrivial median.In particulat M mustbethevertex v; 2 fv,;vsgto
whichv; is connectedFurthermorepur assumptionsbout requirethatv beonthe
shortespathbetweerv; andv;. ThenPgp ¢ includesboththeshortespathbetweenr;
andv andthemedianpathof v ;v,, andvs, andwe obtainthe desiredcontradiction.

BecauséPy canbe constructedy combininga shortestpathbetweenv,; andv
anda medianpathof v ;v,, andvs, its scoreis equivalentto the sumof the distance
betweenv, andv (d;. ), andthe scoreof the medianof v ;v», andvs. By applying
Lemmal to thelatter, we obtainthedesiredoound.

4 The Algorithm

Algorithmfind _inversion _median is presentedbelow. It is essentiallya branch-
and-boundearcHor anoptimalinversionmedianthatusesTheoremil to pruneasearch
treebasedn theinversiongraphandto prioritize amongsearchoranches.
Prioritizationis managedisinga priority stad—which alwaysreturnsanitem of
highestpriority, but returnsitems of equalpriority in last-in- r st-outorder Because
the rangeof possibleprioritiesis small, we usea x ed array of priority values,each
pointingto a stackandso canexecutepush andpop operationsn fastconstantime.
Usingstackgatherthanthemorecorventionalqueuesn thisapplicationis notrequired



for correctnesgsyut, by inducingdepth- rst searchingamongalternatvesof equalcost,
rapidly producesa goodupperboundfor thesearch.

Thealgorithmbeginsby establishingipperandlower boundsor the solutionusing
Lemmal (stepsl and2) andprimingthepriority stackwith abest-scoringyertex (steps
3 and4). Thenit entersa main loop (step6) in which it repeatedlypop s the “most
promising” vertex from the priority stack, nds all of its as-yet-unisited neighbors
(step8), andevaluateseachonefor feasibility. Neighborsare obtainedby generating
all 5 possiblepermutationshatcanbe producedrom avertex by a singleinversion.
Neighborsof a vertex v canbe ignoredif they are not fartherfrom the origin than
is v (step9); suchverticeswill be examinedasneighborsof anothewertex if they can
feasiblybelongto amedianpath.Thebestpossiblescore(i.e.,lower bound)for avertex
w is is usedasthebasisfor prioritization.Bestandworstpossiblescoresarecalculated
usingtheboundsof Theoreml (stepsl0and11)andmaintainedor all verticespresent
in the priority stack.Verticescanbe prunedwhentheir bestpossiblescoresexceedthe
currentglobal upperbound.The global upperboundcanbe loweredwhena vertex is
foundthat hasa lesserupperbound(step13). The searchendswhenno vertex in the
gqueuehasa best-possiblscorelower thanthe upperbound(step7) or a scoreequalto
thegloballowerboundis found (stepl12).

Thealgorithmwill returna permutatiorM only if M is atruemedianof theinputs

1; 2,and 3. Assumeto thecontrarythata permutatiorM returnedoy thealgorithm
is not a true median.Becauséhe algorithmreturnsthe permutatiorhaving the lowest
medianscoreof all of the permutationgvertices)it visits (stepss and13), it mustnot
have visited somemedian.If the algorithmdid not visit somemedian,then either it
prunedall pathsto mediansor it exited beforereachingary median.

Supposehe algorithm prunedall pathsto medianslt only prunesverticeswhen
their bestpossiblescoresarelower thanthe currentglobal upperbound,M nax . Note
thatthe global upperboundalwayscorrespondso the actualmedianscoreof a vertex
that hasbeenvisited (steps2 and 13), so it cannotbe wrong. Considera medianM
with atleastonemedianpathP), . By De nition 2, Py mustincludeatleastonepath
betweenM and eachof the verticesvs;v,, andvs correspondingo 1; 2, and 3.
The algorithm proceedsby examining neighborsof anorigin  orig 2 f 1; 2; 30.
Thereforejf thealgorithmprunedall pathsto M , thenit musthave pruneda vertex on
thepathbetween g andM . Butthebestscoresf suchverticesarecalculatedusing
thelowerboundof Theoreml (stepl0),whichwe have shovn to becorrect.Therefore,
thealgorithmcannothave prunedthe shortespathsto medians.

Supposénsteadthatthe algorithmexited beforereachinga median.The algorithm
canexit for oneof threereasons:

1. Thepriority stacks becomesmpty(step6);

2. Thenext itemreturnedrom s hasa bestpossiblescoregreaterthanor equalto the
currentglobalupperbound(step7);

3. A vertex w is found with a worst possiblescoreequalto the global lower bound
(stepl2);

Casel canoccuronly if all verticeshave beenvisited, or if all remainingneighbors
have beenpruned(becausexceptwhenthe algorithm stopsfor anotherreasongach
new neighboris eitherprunedor pushedontos). If all verticeshave beenvisited,then



Algorithm 1: nd _inversionmedian

Input : Threesignedpermutationof sizen: 1, 2, and 3. Assumea functiondis-

tance( i; ;) thatreturnstheinversiondistancebetween ; and ; in linear
time.

Output: An optimalinversionmedianM .

begin

dip distance( 1} 2);

di3 distance( 1, 3);

d2s distance(  2; 3);

M min d% e

2 M max minf (dy;2 + d2:3); (d1;2 + di;3); (d2:3 + d1;3)0;
Initialize priority stad s for rangeM min 10 M max ;

(orig: 15 2) (i js k)suchthatf i; j; «g="f 1, 2; sgand
dij + dixk = Mmin ;
3 createvertex V With Vigber =  orig, Vdist = 0, Vbest = Mmin , Vworst = Mmax ;
push( s,v);
5 M or ig )
dsep  d 4 5;
stop false;
6 while sis notemptyandstop= false do
pop( s,v) ;
7 if Vbest Mmax thenstop true;
else
8 foreachfw j w is anunmarled neighborof vg do
Waist distance(  Wiapel ; orig) ;
9 if Waist Vgist then continue;
markw;

d, distance( Wiabel; 1);

d, distance( Wiapel ; 2);
10 Whest Wqist + dwa
11 Wwor st Wyist + mlnf(d 1 + dsep);(d 1 +d 2);(d58p +d z)g;
12 if Woorst = Mmin then M Wiapel ; StOp  true ;
else
if Whest < Mmax thenpush( s;w; Wpest ) ;
13 if Wworst < Mmax then

L M Wiabel ; M max Wwor st

end




a medianmusthave beenvisited. We have shavn above thatall neighborson pathsto
a mediancannothave beenpruned.Becauses alwaysreturnsa vertex v suchthat no
othervertex in s hasa lower best-possiblacorethanv, andbecausall neighborghat
arenot prunedareaddedto s, case2 canonly occurif a medianhasbeenvisited or if
all pathsto medianshave beenpruned We have shavn thatall pathsto medianscannot
have beenpruned.Thereforejf case? occursamedianmusthave beenvisited.In case
3, w mustbeamedian sincethegloballowerboundis setdirectly accordingo Lemma
1 (stepl), which we have showvn to be correct.

Thus, none of thesethree casescan arise beforea medianhasbeenfound, and
the algorithmmustreturna median.The worst-caseunningtime of the algorithmis
O(n3%), with d = minfdy.»; do:3; d1:39, but aswould be expectedwith a branch-and-
boundalgorithm,the averagerunningtime appearso be muchbetter

5 Experimental Method

We implementedind _inversion _median in C, reusingthe lineartime distance
routine(aswell assomeauxiliary code)from GRAPPAL], andwe evaluatedts perfor
manceon simulateddata.All testdatawasgeneratedby a simpleprogramthatcreates
multiple setsof threepermutationdy applyingrandominversionsto the identity per
mutation,suchthateachsetof threepermutationsepresentshreetaxaderivedfrom a
commonancestounderaninversions-onlymodelof evolution. In additionto the num-
ber of genesn to model andthe numberof setss to create,this programacceptsa
parameter thatdetermineiow mary randominversiongo applyin obtainingthe per
mutationfor eachtaxon.Thus,if n = 100,i = 10, ands = 10, theprogramgenerates
10 setsof 3 signedpermutationseachof size100,andobtainseachpermutatiorby ap-

plying 10randominversiongo thepermutationt+1; +2;:::; +100. A randomnversion
is de ned asaninversionbetweertwo randompositionsi andj suchthatl i;j n
(if i = j, asinglegenesimply changests sign). Wheni is smallcomparedo n, each

permutatiorin a settendsto beadistanceof 2i from eachother

We usedseveral algorithmic engineeringechniquego improve the ef ciency of
find _inversion _median . For example,we avoided dynamicmemoryallocation
and reusedrecordsrepresentinggraph vertices.We were able to gain a signi cant
speedupby optimizingthehashtableusedfor markingvertices:a customhashtableof-
feredafourfold increasean theoverall speedf theprogramascomparedvith UNIX's
dbimplementationWith circulargenomeswe achieveda furtherimprovementn per
formanceby hashingon the circular identity of eachpermutationratherthan on the
permutationitself. We de ne the circular identity of a permutationasthat equivalent
permutationthat begins with the genelabeled+1. By hashingon circular identities,
we reducedhe numberof verticesto visit andthe numberof permutationgo mark by
approximatelya factorof 2n.

To improve performancdurther, we adaptedur sequentialmplementatiorto run
in parallelonshared-memorgrchitecturestwo stepsin thealgorithmarereadilyparal-
lelizable:themajorloop (step6), duringeachiterationof which anew vertex is popped
from the priority stack,andthe minor loop (step8), in which the neighborsof a ver
tex v aregeneratedexaminedfor marks,andevaluatedfor feasibility asmediansWe



enabledparallelprocessingt both levels, usingpthreads  for maximumportability
acrossshared-memorgrchitectureswith carefuluseof semaphoreandpthreads
mutex functions,we wereableto reducethe costof synchronizatioramongthreadso
anacceptabldevel.

6 Experimental Results

6.1 Performanceof Bounds

Beingespeciallyconcerneavith theeffectivenes®f the pruningstrateyy, we have cho-
senasa measuref performancehe numberof verticesV of theinversiongraphthat
the algorithmvisited. In particular we have taken V to be the numberof timesthe
programexecutedthe loop at step8 of the algorithm.Note thatthe numberof callsto
distance is approximately\3V. We recordedhedistribution of V overmary exper
iments,in which we usedvariousvaluesfor the numberof genes andthe numberof
inversionspertreeedgei. Figure3 is typical of our results.lt summarize$00 experi-
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Fig. 3. Distributionof thenumberof verticesvisitedin thecourseof 500experimentsvith n = 50
andi = 7.

mentswith n = 50andi = 7 andshaws aroughly exponentialdistribution, with high
relative frequenciesn afew intervalshaving smallV : in 87%of the experimentsfewer
than10,000verticeswerevisited,andin 95%,fewerthan20,000werevisited. This g-
ure demonstratethatthe algorithmgenerally nds a medianrapidly, but occasionally
becomesanmired in an unpro table region of the searchspace We have obsered that
thetail of the exponentialdistribution becomesnoresubstantiabsi grows largerwith
respecton.

In orderto characterizeypical performancewe recordedthe statisticalmedians
of V asn andi variedindependentlyThe resultsare shavn in Figures4 and5. For
comparisonwe have alsoplottedthe meanvaluesof V. Note that, at leastfor i = 5,
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Fig. 4. Statisticaimedianof thenumberof verticesvisitedV fori = 5and10 n 100, over
50 experimentsfor eachvalueof n.
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Fig. 5. Statisticaimedianof the numberof verticesvisitedV forn = 50and1 i 8, plotted

with meanof V. Thenumberof experimentsor eachvalueofi is 50.



the medianand meanof V appearto grov quadraticallyover a signi cant rangeof
valuesfor n; asimple t yieldsf (n) = 2:1n? for the medianvalues.Note alsothat,
for n = 50, themedianof V grows approximatelylinearly with i, atleastaslong asi
remainssmall(meanV growssomeavhatfastethanmedianV ). To puttheobsenedrate
of growth into perspectie, notethatin the theoreticalworst-caseof O(n3%), because
d 2 andV = O(%) = O(n®" 1), onewould see(giveni = 5andn = 50)
growth of V with n?® and50°' 1.

6.2 Running Time and Parallel Speedup

We havetestedprograntfind _inversion _median sequentiallyona700MHz Intel
Pentiumlll with 128MB of memory andusingvariouslevels of parallelismon a Sun
E10000with 64 333 MHz UltraSFARC processorand 64GB of memory Figure 6
shavs averagerunningtimesfor i = 5andn betweerb0and125. Sequentiatunning

12
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Fig. 6. Sequentiandparallelrunningtimesfori = 5andn 2 f50; 75; 100, 1253. Eachdata
point representan averagetaken over 10 experiments Parallel con gurationsusedparallelism
only in theminor loop of thealgorithm.

timesareshown for the Sunandintel processorandparallelrunningtimesfor the Sun
with the numberof processorp 2 f1;2;4;6g. In all casesthe averagetimeto nd
a medianis about12 secondr less.Obsenre thatfor n = 100 (a realistic size for
chloroplastor mitochondrialgenomesmedianscangenerallybe found in an average
of about2 secondaisinga reasonablyastcomputerWe shouldnotethatthe memory
requirements$or theprogramareconsiderableandthatthelevel of performanceshavn
hereis partly a consequencef thelargeamountof RAM availableonthe Sun.

It is evidentfrom Figure 6 thatwe achieve a goodparallelspeedugor smallp, but
thatthe bene ts of parallelizationbegin to erodebetweerp = 4 andp = 6 (thisten-
deng becomesnorepronounceatp = 8, whichwe have notplottedherefor clarity of



presentation)Anecdotalevidencesuggestshatthe causeof thistrendis acombination
of the overheadof synchronizatiorand uneven load balancingamongthe computing
threadsWe alsoobsened that parallelismin the minor loop of the algorithmwasfar

moreeffective thanparallelismin the majorloop, presumabhbecausé¢he heuristicfor

prioritizationis sufciently effective thatthelatterstrateyy resultsin alargeamountof

unnecessarwork.

6.3 Inversion Mediansvs. Breakpoint Medians

Using programfind _inversion _median , we evaluatedthe signi cance of inver-
sion medianspby comparingthemwith breakpointmedianstrivial mediansand“ac-
tual” mediangi.e.,theancestrapermutationgrom which obsenedtaxaactuallyarose—
in this case alwaysequalto the identity permutation) Figure 7, which shavs results

overl i 5 for n = 25, is typical of what we obsened. It demonstrateshat
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Fig. 7. Comparisonof inversionmedianswith breakpointmedians trivial medians,and actual
mediansfor n = 25. Averagesveretakenover 50 experiments.

inversionmediansachieve comparablescoresto actualmedians andthat breakpoint
medianswhenscoredin termsof inversiondistance performsigni cantly worse.A
comparisorin termsof inversionmedianscoress clearly biasedin favor of inversion
medianshowever, if it is truethatinversiondistancesre(in atleastsomecasesmore
meaningfulthanbreakpointistancesthentheseresultssuggesthatinversionmedians
areworth obtaining.

We useda slight modei cation of programfind _inversion _median to nd
all optimalmediansandthusto characterizehe extentto which inversionmediansare
unigue.An exampleof our resultsis shovn in Figure 8, which describeghe number

! Inversionmediansareslightly betterthanactualmedianswvheni becomedarge with respect
to n, becauseaturatiorbeginsto causecorvergencebetweertaxa.



Fig. 8. Distribution of numberof optimal mediansin the courseof 50 experimentsfor n = 15
andl i 5.

of optimal inversionmediansfor n = 15and1 i 5, over 50 experimentsfor
eachvalueof i. Obsenre that,wheni is smallcomparedo n (roughlyi  0:15n), the
inversionmedianis virtually alwaysunique;andevenwheni is moderatelylarge with
respectto n (roughly 0:15n < i 0:3n)?, the inversionmedianis uniqueor nearly
uniguemostof thetime. This nding standdn starkcontrastwith breakpointmedians,
which areonly veryrarelyunique.

In addition,we obsenred a strongrelationshipbetweenuniqueinversionmedians
and actualmedians.For example,with n = 15andi = 1, for which all inversion
mediansvereunique,49 out of 50 inversionmediansvereidenticalto actualmedians;
similarly, for n = 15andi = 2, 48 out of 50 wereidenticalto actualmedians(in
both caseghe exceptionalinversionmediandifferedfrom actualmediandy a single
inversion).As i becomegreatercomparedo n, this relationshipwealensbut remains
signi cant. For example,with n = 15andi = 4, 38 out of 50 inversionmedians
were unigue,and 22 of those38 wereidenticalto actualmedians(an additional 10
non-uniquenversionmediansequaledactualmedians).

7 Future Work

Thestrengthandweaknessf thecurrentalgorithmbothlie in its generalityOntheone
hand,our approachdependonly on elementarypropertiesof metric spacesandthus

2 Recallthat the distancebetweenpermutationds approximately2i andthatrandompermu-
tationstendto be separatedy a distanceof approximatelyn. The effects of saturationare
evidentati = 0:2n andarepronouncedchti = 0:3n.



extendseasilyto the caseof equallyweightedinversions translocations,ssions, and
fusions;furthermorejt couldalsobeusedwith weightedrearrangemerttistances(One
shouldnote,however, thattherunningtime is adirectfunctionof the costof evaluating
distanceswe can computeexact breakpointand inversiondistancesput no ef cient
algorithmis yet known for morecomplex distancecomputations.)On the otherhand,
our approactfails to exploit the uniquestructureof the inversionproblem;asshovn
elsavherein thisvolumeby A. Caprararestrictingthealgorithmto inversiondistances
only and using aspectsof the Hannenhalli-Peznertheory enablesthe derivation of
tighter boundsandthusalsothe solutionof somavhatlargerinstancesf the median
problem.

Thereare mary simple changesto our currentimplementationthat will consid-
erably reducethe running time. For example, the currentimplementationdoesnot
“condense’genomedeforeprocessinghem—i.e. jt doesnotcorvertsubsequencesf
genessharecamongall threegenomedgo single“supeigenes” Preliminaryexperiments
indicatethatcondensinggenomegyieldsvery signi cant improvementsn performance
wheni is small relative to n. Distancecomputationghemseles, while alreadyfast,
canbe furtherimprovedby reusingprevious computationssincea move by the algo-
rithm makesonly minimal changesgo the candidatepermutationBy usingthe Kaplan-
ShamirTarjanalgorithmwith two permutationswe canreachef ciently apermutation
onthe shortesipathbetweerthe two; combiningthis ability with metric propertiesal-
lows usto derive betterinitial solutions,whichin turn considerablidecreas¢hesearch
spaceo beexplored.
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